Abstract: Using a classical ensemble method, we revisit the topic of recollision and nonsequential double ionization with elliptically polarized laser fields. We focus on how the recollision mechanism transitions from short trajectories with linear polarization to long trajectories with elliptical polarization. We propose how this transition can be observed by meansuring the carrier-envelop-phase dependence of the correlated electron momentum spectra using currently available few-cycle laser pulses. 5997-6008 (1991).
Introduction
A tremendous amount of theoretical efforts [for a review, see 1] have been devoted to strongfield ionization during the past two decades since the discovery of nonsequential double ionization (NSDI) [2, 3] , which has been regarded as one of the most prominent manifests of electron-electron correlation in Nature. The measured atomic double ionization (DI) yields can be many orders of magnitude higher than the predicted yields assuming sequential, or independent, release of the two emitted electrons. NSDI can be well understood from a semiclassical recollision scenario [4] [5] [6] : First, one electron is emitted via tunneling through the laser-tilted Coulomb potential barrier and is driven away from its parent ion core; Second, as the oscillating laser electric field reverses its direction, the first-emitted electron can be driven back to recollide with its parent ion core and kick out a second electron, leading to nonsequential or correlated emission of two electrons.
From this simple yet intuitive recollision scenario, it is obvious to see that recollision and NSDI depend critically on the polarization of the external laser field. If the laser field is elliptically or circularly polarized, then the probability of recollision is greatly reduced or even completely eliminated because the additional field along the transverse direction steers away the first-emitted electron, reducing or eliminating its chance of returning to the parent ion core. This point was indeed supported by some early experiments with elliptical polarization on rare gas targets such as Ar and Ne [7, 8] . However, and interestingly, later experiments reported characteristic NSDI events with atomic target Mg [9] and with some molecular targets such as NO and O 2 even with circularly polarized laser fields [10, 11] , reinitiating interest to this once-believed-settled topic.
Substantial theoretical efforts have been devoted to understanding the mechanism of NSDI with elliptical or circular polarization and the apparent species dependency [12] [13] [14] [15] [16] [17] [18] . It has been conjectured that recollision is still the mechanism responsible for the observed NSDI characteristics with elliptical or circular polarization and that recollision is possible with elliptical polarization via a family of recollisional "elliptical trajectories" [13] , the chance for which to happen depends critically on the atomic or molecular species [15, 16] . A demonstration of the conjectured recollision trajectory with elliptical polarization (EP) is shown in Fig. 1 (a) and its distinction from a typical recollision trajectory with linear polarization (LP), as illustrated in Fig. 1(b) , is obvious. For LP, if an electron is emitted to the + x direction, it usually will return from the + x direction and kick out a second electron to the -x direction. Whereas for EP, if an electron is emitted to the + x direction, it usually will circle around the parent ion core, return from the -x direction and kick out a second electron to the + x direction. Although more complicated recollision trajectories do exist for both LP and EP, as will be shown later in this paper, the two trajectories shown in Fig. 1 are the most typical and dominant ones for EP or LP.
The trajectory shown in Fig. 1 (b) for LP is a typical "short" trajectory and the one shown in Fig. 1 (a) for EP is a typical "long" trajectory, which can be distinguished by the criterion whether the first-emitted electron recollides the first time it passes through the plane x = 0 [12] . In the context of single ionization, the relative contribution of short and long trajectories as a function of laser field ellipticity has been studied experimentally by Lai et al. [19] .
In this paper, we study the transition from short-trajectory-dominant recollision with LP to long-trajectory-dominant recollision with EP, using a classical ensemble method that has been widely used previously to study strong-field DI processes [13] [14] [15] [16] [17] [18] [20] [21] [22] [23] . We analyze the relative contributions of short and long recollision trajectories and show their transitions from LP to EP. We predict that this transition manifests itself in correlated electron momentum spectra [24-27] if few-cycle carrier-envelope phase (CEP) stabilized laser pulses are used, which are readily available in many laboratories around the world, therefore this transition can be directly observed in experiments.
This paper is organized as follows. In Section 2 we give a brief introduction to the classical ensemble method that we use to do the calculation. Numerical results and detailed analyses and discussions are presented in Section 3. A conclusion is given in Section 4.
Method
Atoms are fundamentally quantum mechanical systems therefore the interaction between an atom and an external laser field is described by the corresponding multi-electron timedependent Schrödinger equation. However, the computational load of calculating a multielectron system in a strong laser field is extremely demanding and attempts along this line [28] [29] [30] have been limited to the He atom, usually with reduced experimental conditions. There is no near-future perspective of extending ab initio strong-field calculations to atoms beyond the He atom, such as Ar, Ne, Xe, etc., on which most current experiments are performed.
An alternative classical ensemble method was proposed by Eberly and associates [31, 32] and has been widely used to describe strong-field double ionization processes qualitatively or semi-quantitatively [13] [14] [15] [16] [17] [18] [20] [21] [22] [23] . The general idea is to mimic a quantum mechanical wavefunction using an ensemble of classically modeled atoms. Compared to ab initio quantum mechanical calculations, the classical ensemble method requires little computational resource and can be performed very quickly. Another important advantage of the classical ensemble method is trajectory back analysis: calculation outcomes of interest can be backanalyzed to gain direct insight of the involved physical processes.
Since detailed introductions and tests have been given previously [31, 32], here we only give a brief description of the method. In this fully classical model, the evolution of a twoelectron system is governed by the Newtonian equation of motion (atomic units are used throughout this paper unless otherwise stated):
where i r is the position vector of the i-th electron, ne V and ee V are the nuclear-electron and electron-electron Coulomb potential, respectively, and E( ) t is the time-dependent laser electric field. In this paper, we use two few-cycle laser pulses, one linearly polarized and the other elliptically polarized. For the latter case, the polarization lies in the x-y plane, and the total electric field E( ) t can be divided into two components:
where E 0 , ε, ω, and Ф are the amplitude, degree of ellipticity, angular frequency, and CEP, respectively. For EP, the x-axis is chosen as the major axis and the y-axis as the minor axis. For LP, we put 0 ε = and the laser field is along the x-axis only. The function ( ) f t is the pulse envelope, given below:
where T is the laser period and N is the number of laser cycles in the pulse.
The nuclear-electron and electron-electron Coulomb potentials are given by The initial ensemble before applying the laser electric field is populated within the classically allowed region for energy 1.23 a.u. tot E = − , which is set to be the negative sum of the first two ionization energies of the Xe atom (12.13eV and 20.98eV, respectively). For each model atom, the positions of the two electrons are first assigned randomly within the classically allowed region. The remaining energy (the total two-electron energy minus the total potential energy with the assigned electron positions) is the total kinetic energy of the two electrons and is randomly partitioned to each electron. Given a kinetic energy, the direction of the momentum is randomly assigned. The initial ensemble is populated with a large number of such model atoms, each with the same total energy but randomly assigned electron configurations. The size of the ensemble (i.e., the number of model atoms) is 2.0 × 10 5 for LP and 2.0 × 10 6 for EP. The reason to use a larger ensemble for EP is because the probability of getting DI is lower for EP. As shown in Fig. 2 , for example, the probability of DI for ellipticity 0.3 is about an order of magnitude lower than that for LP, for an intensity of 2.5 × 10 14 W/cm 2 and a 6-cycle sin 2 pulse. In our calculation, for EP we choose 0.3
As will be shown in Section III, this ellipticity value is large enough to suppress short recollision trajectories that dominate LP and at the same time small enough to obtain enough DI events for subsequent statistical analyses. With a higher ellipticity value, the probability of getting DI will be lower thus statistics will not be as good, but the main recollision physics will be the same.
After the initial ensemble is generated, we turn on the external laser electric field. Each model atom in the ensemble will interact with the laser field and the motion of the two electrons is determined by the classical Newtonian equation of motion given in Eq. (1) . If the laser field is strong enough, one or two electrons may be pulled out by the laser field from the atom yielding single ionization or double ionization. Statistics, e.g., probability of DI of the ensemble, can be analyzed after the laser pulse is over. In this paper, we define a DI event if the energies of both electrons of a model atom are positive at the end of pulse.
Positions and momenta of the two electrons can be monitored throughout the time duration of the laser pulse. At the end of the pulse correlated electron momentum spectra can be recorded which contain information about ionization dynamics that is not available otherwise. Fig. 3 . Correlated electron momentum spectra along the x direction (i.e., P 1x vs. P 2x ) for LP (upper row) and for EP (bottom row) under five different CEPs, as labeled on the lower right corner of each panel. The two rows are obtained with the same laser parameters except the ellipticity value. The laser intensity and wavelength are 2.5 × 10 14 W/cm 2 and 780 nm, respectively. Figure 3 shows correlated electron momentum spectra along the x direction ( 1x P vs. 2 x P ) for LP (upper row) and for EP (bottom row) under five different CEPs, as labeled on each panel. All laser parameters for LP and EP are the same except for the value of ε in Eq. (2). One can see that for each CEP, the momentum correlation between the two emitted electrons changes substantially when the laser field ellipticity changes from LP to EP. For example, for CEP = 0 (the leftmost column) and with LP, the majority of the population is in the third quadrant with P 1x <0 and P 2x <0, meaning that both electrons are moving to the -x direction after recollision. Whereas with EP, much population moves to the first quadrant, which corresponds to both electrons moving to the + x direction after recollision. A minor portion of population is also found in the second and the fourth quadrants, corresponding to one electron moving to the + x direction and the other moving to the -x direction after recollision. We mention that the calculated spectra in the upper row for LP are similar in shape to the experimental data reported in [36, 37] , even though a different atomic target (Ar) was used in these experiments.
Results and discussions
It is also interesting to make a comparison between the e-e correlation spectra shown above and the ones obtained by the strong field approximation (SFA), e.g., Figs. 6 and 7 in [12] , which does not include the ion core Coulomb attraction and assumes a three-body contact interaction, instead of the correct long-range Coulomb repulsion, for the e-e collision. The spectra obtained by SFA have no population in the second and the fourth quadrants, and do not reproduce the so-called V-shaped structure (also called the fingerlike structure) shown in the first and the third quadrants observed in experiments [25] [26] [27] . The inclusion of the ion core Coulomb attraction is responsible for the population in the second and the fourth quadrants, and the inclusion of Coulomb e-e repulsion is responsible for the V-shaped structure in the first and the third quadrants.
The change of correlated electron momentum distribution from LP to EP is a clear manifestation of the transition of recollision processes from short-trajectory dominant to longtrajectory dominant, as illustrated in Fig. 1 . Therefore correlated electron momentum spectra provide a direct observation of recollision mechanism, and this information is not available otherwise from integrated quantities, such as the total DI yield. To be more quantitative, we define an asymmetry parameter α , similar to the one defined in [12] : The α parameters corresponding to Fig. 3 are shown in Fig. 4 , including more CEPs between 0 and 2π. One sees that for each CEP, the asymmetry parameter α changes substantially from LP to ellipticity 0.3. And for both LP and EP, the parameter α oscillates between two limits with opposite signs. For the laser parameters used in our calculation, the maximum asymmetry value is about 0.3, for both LP and EP.
Figures 3 and 4 can be measured experimentally and such measurements can provide valuable insights about the DI recollision dynamics and how this dynamics changes with the ellipticity of the laser field. To gain a deeper understanding about the transition of recollision trajectory from LP to EP by taking the advantage of trajectory back analysis, we post-select all doubly ionized model atoms and perform a back analysis for each of them, recording the time of first ionization ( 1 i t ) and the time of recollision ( r t ). Here 1 i t is defined as the time when the energy of the first emitted electron (including the kinetic energy, the ion-electron potential energy and half of the electron-electron potential energy) just becomes positive. The recollision time r t is defined as the time of closest approach between the two electrons after the departure of the first electron. t t − for LP. We see that the most prominent contribution is from the peak labeled "P1", at about 0.5 laser cycles, corresponding to the short recollision trajectories demonstrated in Fig. 1(b) . Longer recollision trajectories do contribute, as shown by the peaks P2, P3, P4, and P5, although their importance decreases quickly as the time difference increases. In contrast, for EP, we see from Fig. 5(d) that the dominant contribution is from the long recollision trajectories labeled "P2", corresponding to the trajectories demonstrated in Fig. 1(a) . We notice that P2 is peaked at about 1T. The peak P1 that dominates LP is almost completely suppressed. Longer trajectories also contribute, such as P3, P4, and P5, with less importance though.
The statistical distributions of 1 i t and r t are shown in the right two columns of Fig. 5 , along with the laser electric field profile along the major polarization direction (the xdirection). We see that for both LP and EP, the first electron is emitted almost at the same time, around the laser field peak labeled "P". Whereas the recollision time is very different: the most probable recollision time for LP is about half a cycle later from the ionization of the first electron, labeled as "Z1" in Fig. 5(c) ; in contrast, the most probable recollision for EP is about one cycle later from the ionization of the first electron, labeled as "Z2" in Fig. 5(f) .
Examples of even longer recollision trajectories than the one demonstrated in Fig. 1 (a) are shown in Fig. 6 , corresponding to the peaks P3 and P4 of Fig. 5(d) , respectively. The firstemitted electron may not be "lucky enough" to find its parent ion core after one laser cycle, instead, it may need an additional half cycle, or full cycle to find its parent ion core and kick out a second electron. We mention that similar recollision trajectories have also been discussed in [13] by Wang and Eberly. A special explanation is needed for the peak labeled "P0" in Fig. 5(d) . P0 is located at 0.25T and we point out that this DI channel is not from recollision. Instead, it is from a DI channel called "exit collisions", which has been discussed by Haan et al. with linearly polarized laser fields [38] . Figure 7 shows an example of an exit-collision trajectory. The energies of the two electrons (blue and red) are shown as a function of time, on top of the relative electric field strengths along the major direction ( x E ) and along the minor direction ( y E ). We can see that at time around 2T, when the field along the x-direction is maximum and the energies of both electrons are negative, the first (blue) electron is pulled out by the external laser field. On its way out, it gives part of its energy to the second (red) electron so that the second electron is highly excited after the first electron is out. This is in contrast to a typical first ionization where the emission of the first electron needs to borrow energy from the second electron. This exit collision excites the second electron so that the second electron can be ionized a quarter cycle later when the field along the y-direction is maximum. This is why P0 is peaked at 0.25T for EP. Above we have shown that the relative composition of short and long recollision trajectories can be controlled by changing the ellipticity of the laser field while keeping the pulse duration fixed. The changing of this relative contribution manifests itself on the experimentally measureable e-e correlation spectra. Additionally, it is also obvious to expect that the relative contribution of short and long trajectories can be controlled by changing the pulse duration. This point is confirmed by Fig. 8, which shows the e-e momentum correlation spectra for two different pulse durations (upper row: 6 cycles; bottom row: 4 cycles) while keeping the degree of ellipticity fixed. One can see the striking effect of the pulse duration for all the four CEPs used, as labeled on the upper right corner of each panel. The relative contribution of short and long recollision trajectories is shown on the lower right corner of each panel. For the 6-cycle cases (upper row), the short trajectories are found to contribute slightly more than the long trajectories do (about 55% versus 45%); whereas for the 4-cycle cases (bottom row), the short trajectory contribution increases to about 75% due to the substantial suppression of long trajectories. Therefore we see that changing the laser pulse duration is another effective, and experimentally verifiable method, to study the transition of recollision dynamics in double ionization. We comment that this point has also been extensively discussed in Ref [12] .
Conclusion
In conclusion, we report a theoretical study of recollision mechanism and the resulting NSDI with both linear and elliptical polarization. Previously it has been reported that recollision is dominated by short trajectories for LP and by long trajectories for EP with large ellipticity [12, 13] , and this study focuses for the first time on the "intermediate" zone by explaining how exactly the recollision process transitions from short-trajectory-dominant LP to longtrajectory-dominant EP.
We predict that this transition of recollision mechanism leaves its footprints on electron correlation momentum spectra and can be directly observed experimentally using few-cycle, carrier-envelope-phase-stabilized laser pulses, which are available in many laboratories. A detailed statistical and theoretical analysis has also been provided to explain the simulated electron correlation momentum spectra. We show that the relative contribution of short and long recollision trajectories can be controlled either by changing the field ellipticity or by changing the laser pulse duration.
